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Motivated by the realization of the optical Dirac dispersion in the homogenous negative-zero-positive index
�NZPI� material, we make a theoretical investigation on the properties of thermal emission in layered structures
containing the NZPI medium. We find that when the thermal emission frequency is close to the Dirac point of
the NZPI medium, the spectral hemispherical power of thermal emission in such a structure is strongly
suppressed and the emission can become a high directional source with large spatial coherence.
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In the last decade, the subject on modifying thermal ra-
diation has attracted great attention1–5 due to its potential
applications in thermally pumped optical devices, such as
tunable infrared emitters, thermophotovoltaic energy conver-
sion devices,6 or solar absorbers/reflectors. It is well known
that a perfect thermal emitter follows Planck’s law of black-
body radiation. However, the thermal emission spectra for
realistic structures do not completely follow the Planck’s law
but strongly depend on the material dispersions and their
structures. It is widely recognized that artificial structures
such as multilayered periodic structures, two-dimensional or
three-dimensional photonic crystals can greatly enhance or
suppress the thermal radiation.2,7–10 Using these properties,
one can design narrow-band thermal emitters11–13 with the
ability to select the band frequency, directional or polariza-
tion of the emission, and design wide-band thermal emitters
exhibiting near-blackbody thermal emission within a certain
wavelength range,1,14–16 and also design wide-angle
absorbers/reflectors.17

Recently, schemes for various emitters/absorbers based on
metamaterials were proposed,18–21 with some specific prop-
erties such as wavelength-selective wide-angle absorbers20

and narrow-band angle-insensitive thermal emitters.21 The
emission or absorption properties have been extensively
studied on the structures containing the so-called negative-
index metamaterials.22 On the other hand, it has been found
that in certain two-dimensional photonic crystals there is a
Dirac-type dispersion for electromagnetic field within a par-
ticular frequency region, and such a Dirac dispersion leads to
some unique properties for the optical fields such as conical
diffraction,23 a “pseudodiffusive” scaling,24 and the photon’s
Zitterbewegung.25 The Dirac dispersion can also be exhibited
in a homogenous negative-zero-positive index �NZPI�
medium.26,27 Since the density of the electronic states near
the Dirac point of Graphene is unique and tends to zero,28 it
is expected that the density of the photon’s states is also
gradually close to zero near the Dirac point of the NZPI
medium. In this paper, we will consider the properties of
thermal emission from a layered structure containing the
NZPI metamaterial around the Dirac point. We expect that
the spectral hemispherical power of thermal emission in such
structures is strongly suppressed when the emission frequen-
cies are close to the Dirac point of the NZPI medium. More

interestingly, our analysis reveals that, as the frequency ap-
proaches the Dirac point, the emission becomes a highly di-
rectional source with large spatial coherence.

Consider the layered structure containing the NZPI
metamaterial, as depicted in Fig. 1. For simplicity, we as-
sume that the substrate is metal and the nonmagnetic emitter
layer is with thickness d2 and the parameters �2=1.96
+ i0.14 and �2=1, which corresponds to the complex refrac-
tive index ne�1.4+ i0.05. The upper layer is the NZPI
metamaterial with thickness d3. For simplicity, we take the
Drude model for both the relative permittivity and perme-
ability of the NZPI metamaterial26,29
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where �ep and �mp are the controllable electronic and mag-
netic plasma frequencies, respectively; and � is related to the
absorption of the NZPI medium. Here we assume �
��ep,mp for the very weak absorption cases. In the previous
investigation,26 we have verified that when �ep=�mp��D
and �=0 �no loss�, then the dispersion of the material satis-
fies a linear dispersion: k3���= ��−�D� /vD, where vD is the
group velocity of light near frequency �D inside the NZPI
medium with the wave number k3���. Such a linear disper-
sion with a nonzero �D is defined as Dirac dispersion and the
upper and lower passbands of light passing through the bulk
NZPI medium touch together at frequency �D, therefore the
frequency �D is called as the Dirac point of the bulk NZPI
metamaterial. In our calculation we take �1=−12.0 for the
metal substrate and thickness d2=50�D �here the wavelength
�D is corresponding to �D�.

First, let us investigate the spectral hemispherical power
from such structures as shown in Fig. 1. Using Kirchhoff’s
second law30 which relates emittance directly to absorbance,
the thermal emission intensity within the frequency interval
�− ��+d�� is
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where 
�� ,� ,	� is the emittance of the layered structure at
frequency �, ��� ,T�=��3 / �4
3c2�e��/kBT−1�� is the func-
tion for the blackbody radiation intensity, � is the angle be-
tween the emitted thermal light ray and the normal line
�along the z axis�, and 	 is the projected angle of the emitted
ray on the x-y plane. From Eq. �3�, we can obtain the spectral
hemispherical power10
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Here d� is the differential solid angle in which thermal ra-
diation is emitted, and we would like to mention that, since
the substrate is metal, there is no need to calculate the trans-
mission. Based on the transfer-matrix method,31 we can
readily obtain the emittance 
�� ,� ,	�=1−R�� ,� ,	�, where
R�� ,� ,	� is the reflectivity from the structure as shown in
Fig. 1. In this paper, we only consider that the emitted light
fields are TE polarized and similar results can be obtained for
the TM-polarized thermal emission.

Figure 2 shows the spectral hemispherical power U�� ,T�
as a function of frequency for different situations. We choose
to align the frequency of the Dirac point, �=�D, with the

maximum of the Planck blackbody radiation for the structure
without the NZPI medium, i.e., the dot line for d3=0. In the
presence of the NZPI medium, it is clear that the spectral
hemispherical power is strongly suppressed as � approaches
to the Dirac point. This reflects the extremely low photonic
density of states near the Dirac point. In Fig. 2, we can see
that as the thickness of the NZPI medium increases, near the
Dirac point the spectral hemispherical power is suppressed
more and more, and quickly approaches the limit of the
structure with the bulk NZPI medium because the thicker
NZPI film reduces the interface effect and manifests the per-
fect Dirac spectrum.26 In principle, for the structure with the
infinite thick NZPI medium �i.e., d3→��, the thermal emis-
sion can only emit photons along a single direction �normal
line� at Dirac point.

Figure 3�a� shows the emittance as a function of fre-
quency along different angles. It is seen that along the nor-
mal line ��=0�, the emittance at all frequencies is almost a
constant while with the increasing of the emitted angle the
emittance is strongly suppressed near the Dirac point. At the
inclined angles, the emittance is similar to that in the photo-
nic band-gap structures �for example, see Refs. 1 and 2�.
From Figs. 3�b� and 3�c�, one can find that when the fre-
quency of the emitted light is close to the Dirac point, the
angular dependence of thermal emission is sharply centered

FIG. 1. �Color online� Schematic of the layered structure with a
NZPI medium.

FIG. 2. �Color online� The dependence of the spectral hemi-
spherical power on the frequency under different values of thick-
ness d3. Other parameters are �D /2
=10 GHz and �
=0.00001 GHz.

FIG. 3. �Color online� �a� The emittance as a function of fre-
quency at different angles � and ��b� and �c�� the angular depen-
dence of the emittance at different frequencies labeling in the figure,
with d3=10�D.
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with zero degree �i.e., the normal line�. For example, the
curve for �=0.98�D in Fig. 3�b� and the curve for �
=1.02�D in Fig. 3�c� have a sharp angular distribution
around zero degree; especially, when �=�D, the emission
has a extremely sharp angular distribution �almost becomes a
single line�, see in Fig. 3�c�.

Now let us turn to study the coherence properties of the
thermal emission from such structures containing the NZPI
medium. Recent studies have shown that the coherence of a
thermal radiation can be drastically different from that of the
blackbody radiation in various systems such as photonic
crystals1,3,9 and microcavities.32 Following the method used
in Refs. 33 and 34, we can analytically obtain the output
two-point cross-spectral density tensor for the
TE-polarization thermal emission in our system as follows:
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where
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Here the points r1= �0,0 ,z� and r2= �x ,0 ,z� are in the
vacuum. The parameter k� is the magnitude of the transversal
wave vector k� = �kx ,ky� along the interfaces of the layers.
The � j �j=1,2 ,3 ,4� are the magnitude of the z component
wave vector in the jth layer �see Fig. 1�. If Re �k��
�Re �k0

�� j� j�, that is, the corresponding wave in the jth
layer is a propagating mode, then � j is expressed as � j

=�� j
�� j�k0

2−k�
2 / �� j� j��1/2, where k0=� /c. On the other

hand, if Re �k���Re �k0
�� j� j�, the field corresponds to an

evanescent mode in the jth layer, and then � j = i�k�
2

−� j� jk0
2�1/2. The reflection coefficients for the TE wave at the

single interface i-j are defined as

rij =
� j�i − �i� j

� j�i + �i� j
. �7�

In Figs. 4�a� and 4�b�, we show the components Wxx and Wyy
of the normalized cross-spectral density tensor for the ther-
mal emission from the structure with the NZPI medium.

Here we choose the thickness of the NZPI medium d3

=10�D and in this case the NZPI medium is sufficient to
show the Dirac dispersion. It is clear seen that as the fre-
quency approaches to the Dirac point of the NZPI medium,
the emission has a larger length of transversal spatial coher-
ence. From Figs. 4�a� and 4�b�, one can find that, near the
Dirac point, the thermal emission becomes a coherent source
with a transversal coherent length more than ten wavelengths
in the present case. The reason is that we can see from Fig. 3
and Eq. �6� near the Dirac point of the NZPI medium, the
propagating modes emitted by the emitter which can propa-
gate out of the medium own very low magnitude of the trans-
versal wave vectors, the density of these propagating modes
is greatly reduced due to the modification of the Dirac dis-
persion and there exists only a very few of photon’s states
allowed to be emitted out from the emitter. Therefore a co-
herent source from the thermal radiation can be obtained
near the Dirac point. Meanwhile, from Figs. 4�a� and 4�b�,
we can also find that as the frequency of the emitted light is
away from the Dirac point, the density of the propagating
modes emitted by the emitter increases and the magnitude of
the transversal wave vectors of these propagating modes var-
ies a wide range, the transversal coherent length quickly de-
creases and is nearly close to one wavelength, which is in
agreement with the blackbody radiation and is also similar to
the situations in Figs. 4�c� and 4�d� for the structure without
the NZPI medium.

In summary, we have analyzed thermal emission in lay-
ered structures containing the NZPI metamaterials with the
Dirac point. It shows that the spectral hemispherical power
of thermal emission is strongly suppressed when the frequen-
cies are close to the Dirac point of the NZPI medium. As the

FIG. 4. �Color online� The values of ��a� and �c�� Wxx and ��b�
and �d�� Wyy as functions of distance x. ��a� and �b�� The structures
containing the NZPI metamaterial with d3=10�D and ��c� and �d��
the case without the NZPI medium �i.e., d3=0�, where � /2

=8 GHz �solid curves�, 9 GHz �dashed curves�, 9.8 GHz �dashed-
dot curves�, and 10 GHz �dashed-dot-dot curves�. Note that differ-
ent curves are nearly overlapped in �c� and �d�.
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thermal emission frequency closes the Dirac point, the emis-
sion from the structure becomes a light source of highly di-
rection and large spatial coherence. Our results will lead to
the potential applications in integral optics and optical-based
devices, such as the coherent narrow-angular thermal emit-
ters.
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